The valley is a flexible degree of freedom for light manipulation in photonic systems. In this work, we introduce the valley concept in magnetic photonic crystals with broken inversion symmetry. One-way propagation of bulk states is demonstrated by exploiting the pseudo-gap where bulk states only exist at one single valley. In addition, the transition between Hall and valley-Hall nontrivial topological phases is also studied in terms of the competition between the broken inversion and time-reversal symmetries. At the photonic boundary between two topologically distinct photonic crystals, we illustrate the one-way propagation of edge states and demonstrate their robustness against defects.
Introduction
The valley degree of freedom (DoF) has been used to study valley-dependent Berry phase and valley-contrasting Hall transport in two-dimensional materials [1] [2] [3] [4] [5] . Regarding the similarity between electronic systems and classical systems, many fancy phenomena, e.g. valley vortex states and valleyspin locking behaviors, have been illustrated by expanding the concept of the valley DoF into sonic crystals [6] [7] [8] , photonic crystals (PCs) [9] [10] [11] [12] [13] and plasmon crystals [14, 15] . Focusing on the inversion symmetry breaking bianisotropic PCs, the photonic valley-Hall effect has been demonstratedthat different spin flows in opposite valleys can be separately routed [10] . By inspecting the nontrivial topology, robust transport of valley-polarized edge states has been demonstrated when inter-valley scattering is prohibited [9, 11, 12] . On the other hand, nonreciprocal devices, e.g. photonic waveguides and photonic isolators, are important in integrated photonic circuits. Magnetic media are among the timereversal symmetry breaking materials that have been widely used in realizing nonreciprocal devices. For example, the analogue of the quantum Hall effect was theoretically proposed in gyroelectric or magnetic PCs [16] [17] [18] [19] , and then experimentally demonstrated in PCs by adapting magnetooptical materials [20, 21] . By employing the nonreciprocity and the nontrivial topology characterized by nonzero Berry phase, one-way propagation of electromagnetic (EM) waves has been realized [22] [23] [24] . Since then, magnetic PCs have been studied to observe topologically nontrivial edge states [25] [26] [27] [28] and control wave propagation [29] [30] [31] [32] .
Generally, when one draws the band structure of honeycomb latticed structures, it is common to observe extrema points where maxima or minima of energy occur in momentum space. The term 'valley' is applied to these energy extrema [33] . Taking graphene with broken inversion symmetry as an example, there are two valleys of energy bands at the corners of the Brillouin zone, viz. points K and K′. The intrinsic magnetic moment is concentrated in the valleys and has opposite signs at these two inequivalent valleys [1] . The Berry curvatures also have opposite values in these two valleys. It results in the opposite optical selection rules [2] and contrasting Hall transport with electrons flowing in opposite directions transverse to an in-plane electric field [3] . Because of the large separation between the two valleys in momentum space, scattering between them is strongly suppressed [34, 35] , and hence the valley binary DoF is introduced to represent the local energy extrema at two corners of the Brillouin zone to distinguish their opposite physical quantities and distinct phenomena [4, 5, 33] . In this paper, we introduce the valley DoF in magnetic PCs and discuss the one-way propagation of bulk states and robust edge states. We first consider PCs with broken inversion and timereversal symmetries, and present a model effective Dirac Hamiltonian (section 2). The broken symmetries of PCs lead to a pseudo-gap in which one-way propagation of bulk states is found (section 3). On altering the structural parameters of magnetic PCs, the competition of two broken symmetries gives rise to a topological phase transition (section 4). The valleydependent edge states are found and their robustness against defects is also demonstrated (section 5). Lastly, we give a brief summary and discussion in section 6. The detailed derivation of the effective Hamiltonian is given in appendix A, and the simulation methods are shown in appendix B.
Photonic crystals with broken inversion and timereversal symmetries
Let us start by considering a two-dimensional honeycomb PC with a lattice constant of a=15 mm ( figure 1(a) ). The unit cell contains two circular rods embedded in an air background. Rod 1 has a diameter of d 1 =6 mm, while rod 2 has a diameter of d 2 =5 mm. As d 1 ≠ d 2 , the inversion symmetry is broken. In addition, the constitutive parameters of each rod are set as ε r =15.26 and as the transverse magnetic modes are discussed in this work, the out-of-plane components of r m  (e.g. r,zz m ) have no influence on the band structure or the flow of light in the PC. These constitutive parameters correspond to those of a magnetic material at 6 GHz with an external magnetic field of 500 Oe and a saturation magnetization of 1884 Ga [36, 37] . With the introduction of an external magnetic field H 0 and the resulting nonzero non-diagonal permeability, the time-reversal symmetry is broken in this PC (called PC1 hereafter). Figure 1(b) shows the corresponding band structure of the transverse magnetic modes with nonzero z-component of electric fields. The band structure calculation and transmission results below are simulated using the commercial software COMSOL Multiphysics with the radio frequency module. As both inversion and time-reversal symmetries are broken, eigen-states at two inequivalent valleys, K and K′, have different frequencies (compare band dispersions at K and K′). This is accurately predicted by considering the effective Dirac Hamiltonian of honeycomb PCs with both inversion and time-reversal symmetries broken [9, 38] : 
symmetry is broken, i.e. 0, figure 1(b) , there are two pseudo-gaps. The lower one ranges from 5.44 GHz to 5.78 GHz, the upper from 6.23 GHz to 6.82 GHz. Bulk states only exist in the K′ valley in these two pseudo-gaps. Note that the band structure will be changed when the frequency-dependent permeability tensor is considered. For example, the frequency range of the second pseudo-gap will change to be from 6.13 GHz to 6.5 GHz with a smaller bandwidth due to the material dispersion. However, the one-way propagation of bulk states and edge states presented in the following sections are not substantially influenced by these effects. Note also that magnetic surface plasmon resonance has been found in dispersive magnetic media, leading to many interesting phenomena such as enhanced nonreciprocal scattering and beam steering [39] [40] [41] . As magnetic surface plasmon resonance is beyond the scope of this work, we carefully tune the structural parameters of our PC (e.g. the lattice constant) and focus on the frequency region near 6 GHz.
One-way propagation of bulk states
Employing the pseudo-gaps of PCs with broken inversion and time-reversal symmetries, a one-way propagation of bulk states is expected. To see this, we send a light beam with an incident angle of θ=30°from the upper-left (marked by the red arrow in figure 2(a)) into PC1 with the zigzag interface. The working frequency is taken to be inside the second pseudo-gap, viz. f=6.8 GHz. When the incident wave encounters the photonic interface, it will be refracted into PC1. The direction of the refracted beam can be determined from the isofrequency diagram which is shown in figure 2(b) . Due to the frequency asymmetry induced by broken inversion and time-reversal symmetries, the isofrequency diagram ranging from 6.23 to 6.8 GHz only exists in the K′ valley. For the chosen frequency of f=6.8 GHz, i.e. fa/c=0.34, we superimpose the contour of the incident medium (air, a dashed black circle with f=c|k|/2π). The incident wave corresponds to the red arrow. According to the Bloch theorem under Bragg scattering, only states with the same k || can be excited. To select states with the same k || , we draw a dashed black line through the incident wave vector (k) and perpendicular to the interface (here, along the ΓM direction). This dashed line intersects with the isofrequency contours at two places, but only the upper one determines the refracted beam direction as its group velocity points toward the crystal from the interface (green arrow). As the incident and refracted beams lie at the same side of the normal of interface, negative refraction will occur. This is well confirmed by the incident and refracted beams in the upper interface in figure 2(a). When the refracted wave beam encounters the lower interface, the negative refraction happens again. The output wave beam lastly propagates into air with a positive angle of 30°( marked by the blue arrow in figures 2(a) and (b)). However, as both inversion and time-reversal symmetries are broken, such a wave beam cannot go back through the same path. To see this, we consider incident transmission in which the light beam arrives from the lower-right corner with an incident angle of 30°( figure 2(c) ). Once again, we draw a dashed black line through the incident k and perpendicular to the interface ( figure 2(d) ). This dashed line has no intersection with the isofrequency contour of PC1, and hence the incident wave will be totally reflected. The simulation result is in good agreement with the theoretical prediction ( figure 2(c) ). By the comparison between transmissions in figures 2(a) and (c), one-way propagation of bulk states is demonstrated. Note that in order to have one-way propagation of bulk states, the bandwidth of the pseudo-gap should be larger than 3.2%, which corresponds to a PC with d 1 >5.65 mm and d 2 <5.35 mm. The PC in figure 1 has a pseudo-gap with a bandwidth of 9.0%, which is large enough to observe the oneway propagation of bulk states, as shown in figure 2.
Topological phase transition
Besides the one-way propagation of bulk states, nontrivial topology related to gapping out Dirac cones at the corner of the Brillouin zone can be also found in PC1. The topology of a PC is related to the Berry curvature of the lowest band, which is defined as
, where u k  is the electromagnetic field and ... á ñ is integrated within the unit cell. By integrating the Berry curvature near the K (K′) valley which is marked in red (blue) in the right inset of figure 1(a), one can obtain the Chern number, C K (C K′ ), which characterizes the topological phase. Based on the Hamiltonian presented in equation (1) , the Chern number is given by C sgn 2 9, 38] . Here, the valley index z t takes the value of +1 (−1) for the K (K′) valley. We take PC1 in figure 1 as an example to show the concrete calculation of C K and C K′ . The amplitude of E z fields of four eigen-states at points K and K′ are shown in figure 1(c) . At point K, the the electric field of the bulk state with the lower frequency is mostly located at rod 1, which corresponds to the 1
/ In contrast, at point K′, the bulk state with the lower frequency has its electric field mostly located at rod 2, which corresponds to the 1
Hence, it belongs to the quantum Hall phase with nonzero Chern number C=C K +C K′ =−1 and zero valley Chern number C v =C K −C K′ =0. The Chern number and valley Chern number are two invariants which characterize the topological properties of band structures of PCs. They determine the number and group velocity of edge states when a photonic boundary is considered. Considering PC1, its nontrivial topological phase is dominated by the broken time-reversal symmetry. A topological transition is expected to result from the competition between two broken symmetries. To see this, we alter the diameters of the two rods d 1 and d 2 , to change the strength of the broken inversion symmetry. In contrast, we keep (d 1 +d 2 ) unchanged to approximately maintain the strength of broken time-reversal symmetry. Figure 3(a) shows the frequency spectra of four states at points K and K′ as a function of d 1 . As we can see, three topological phases with different topological invariants are found. The abovementioned PC1 in figure 1(b) is characterized by C=−1 and C v =0. This topological phase is shaded in red in figure 3(a) . With the increase of d 1 and the simultaneous decrease of d 2 , the two states at point K point move apart. In contrast, the two states at K′ point come close, meet each other (at d 1 =6.48 mm), and separate. With this mode exchange, the band gap is closed and reopened. After such a topological phase transition, the effect of broken inversion symmetry is dominant, and the resulting magnetic PC is characterized by C=0 and C v =−1 (i.e. the valley-Hall phase). Figure 3(c) shows the band structure of one representative PC with d 1 =7.2 mm and d 2 =3.8 mm (the unit cell is shown in the inset; we refer to this PC as PC2 hereafter). Band asymmetry for eigen-states in the K and K′ valleys is also found. When we decrease d 1 while increasing d 2 , the behavior of states at points K and K′ evolves differently. There exists a mode exchange for states at point K when d 1 =4.52 mm, but no mode exchange happens for states at point K′. With the mode exchange at point K, the PC topology is characterized by C=0 and C v =1 (i.e. another valley-Hall phase). A representative PC with d 1 =3.8 mm and d 2 =7.2 mm (called PC3 hereafter) and its band structure are shown in figure 3(b) . 
One-way propagation of edge states and their robustness
With these three topological phases, protected edge states at the photonic boundary between topologically distinct PCs will be found. Figure 4 shows three different photonic boundaries. In figure 4(a) , we build up a photonic boundary with PC1 at the bottom and PC2 at the top. For PC1, we have C K =−1/2 and C K′ =−1/2, while for PC2, C K =−1/2 and C K′ =1/2. The Chern number difference across the boundary is then 0 at valley K while it is −1 at K′. As a result, there is one gapless edge state with negative group velocity across the K′ valley ( figure 4(b) ). One-way propagation of these edge states is expected as their counter-propagating states are missing. For example, at the frequency of 6 GHz, leftward EM waves can be excited when the input source is placed on the right ( figure 4(d) ). However, no EM flow can be observed when the source is put on the left ( figure 4(c 
)). Comparison between figures 4(c) and (d)
demonstrates the one-way propagation of edge states. By replacing PC2 in the first photonic boundary with PC3, we obtain the second photonic boundary, with PC1 on the bottom and PC3 on the top ( figure 4(e) ). For this boundary, the Chern number difference across valley K is −1, and gapless edge states with negative group velocity are found near K ( figure 4(f) ). However, no edge states can be found near valley K′. Similarly, one-way propagation of edges state is also demonstrated (figures 4(g) and (h)). Note that by inference from the excited field distribution in figures 4(d) and (h), these two edge states are different, although both of them propagate leftwards. Lastly, we consider the photonic boundary consisting of two PCs with different valley Chern number (figure 4(i) with PC3 on the top and PC2 on the bottom). According to the Chern number difference, edge states with negative group velocity exist at valley K; those with positive group velocity, at valley K′ ( figure 4(j) ). As a result, both sources on the left or right can excite EM waves along the boundary (figures 4(k) and (l)). Gapless edge states are robust against defects and disorders. For example, we insert a metallic plate as an insulating obstacle in the middle of the first photonic waveguide, and put the incident source at the right side ( figure 5(a) ). The excited leftward EM flow can go around the metallic obstacle and keep moving leftwards. No backscattering is observed, and perfect transmission is demonstrated. In contrast, although the valley-dependent edge states shown in figure 4(i) are robust against some sharp corners [11], they suffer backscattering when inter-valley scattering is not suppressed. As presented in figure 5(b) , excited leftward edge states at the photonic boundary between PC2 and PC3 are strongly reflected when the same metallic obstacle is inserted vertically into the boundary. No transmission can be detected at the left end.
Conclusion
To conclude, we have extended valley DoF into magnetic PCs with broken inversion symmetry. Under both broken time-reversal and inversion symmetries, two pseudo-gaps where the bulk states only exit at one single valley are obtained. This results in the one-way propagation of bulk states in a single PC. Further, we have also demonstrated the topological phase transition induced by the competition between two broken symmetries. By constructing photonic boundaries between PCs within different topological phases, one-way edge states which are robust against certain defects are illustrated. Our work provides a potential way to realize one-way devices such as waveguides and filters in the Figure 5 . Robustness of edge states. (a) A metallic obstacle is inserted into the center of the photonic waveguide constructed by PC1 at the bottom and PC2 at the top. When the incident source (red star) is put at the right end, the excited leftward EM flow can go around the metallic obstacle, and no backscattering is observed. (b) The transmission of edge state at the photonic boundary between PC2 and PC3 when a metallic obstacle is inserted in the boundary. As the inter-valley scattering is not suppressed, strong backscattering is observed, and no transmission is obtained at the left end. microwave range where magnetic materials with large timereversal symmetry breaking response can be found. Although magnetic materials are rare and usually have limited timereversal breaking response in the optical regime, on-chip optical isolation [42] and nonreciprocal lasing [43] have recently been realized in near-infrared frequencies. This provides inspiration to extend the valley-related properties presented in this work into the optical regime.
Appendix A. Photonic effective Hamiltonian
In this appendix, we derive the effective Hamiltonian of magnetic PCs with broken inversion and time-reversal symmetries. As the transverse magnetic modes with nonzero (H x , H y , E z ) are considered, the related constitutive parameters are the out-of-plane relative permittivity z e and the in-plane relative permeability i i . Utilizing the periodicity of the photonic crystals, we expand the fields and the constitutive parameters as E r q ,
( ) By substituting these into equation (A2), the linear equations for the Fourier components of E z can be obtained:
Next, we focus on two time-reversal but inequivalent valleys: K and K′. First, for the K valley, we truncate the plane wave basis to the first three plane waves near point Γ. The basis for these plane waves basis comprises the three equal-length reciprocal vectors:
with respect to one another, where ,
. 
one can obtain the Dirac bands by eliminating the monopolar band: 
where E E E ; The simulations in the main text were performed with COMSOL Multiphysics. The unit cell of the honeycomb magnetic PC is shown in figure B1(a) . Two rods (shaded in blue) are set as magnetic medium, and the background is set as air. Three pairs of boundaries (i.e. boundaries of 1 and 4, 2 and 5, 3 and 6) are set as the periodic condition with the Floquet periodicity ( figure B1(b) ). We sweep the wave vector along the first Brillouin zone boundary (i.e. ΓK′MΓKMΓ) to calculate the bulk band structure ( figure B1(c) ).
The simulated structure of one-way propagation of bulk states in figure 2 is shown in figure B2(a) in which the magnetic PCs are marked in blue. One section of the upper boundary (marked in red) is set as scattering boundary condition with a nonzero amplitude as the incident source ( figure B2(b) ). The remaining outmost boundaries (marked in blue) are set as scattering boundary with zero amplitude to guide electromagnetic waves.
The edge state band dispersions shown in figure 4 were obtained using a supercell with height of a 20 3 . The scattering boundary condition was applied along the y-direction and the periodic boundary condition was applied along the x-direction. 
